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Abstract—In federated learning (FL), most existing works as-
sumed that clients had a uniform number of local updates in each
communication round, which might cause the straggler effect
owing to the system and data heterogeneity. Adaptive federated
learning (AFL) can address this issue by allowing an adaptive
number of local updates among clients, thereby achieving a better
convergence than the uniform FL. In this paper, we consider the
contract design for AFL under clients’ two-dimensional private
information regarding computation cost and contribution level.
We aim to minimize the summation of model error and total
payment to clients subjecting to Individual Rationality (IR) and
Incentive Compatibility (IC) constraints. Through deriving the
necessary and sufficient conditions for IR and IC constraints,
we reduce the high dimension of the constraints, and obtain the
closed-form optimal contract. Surprisingly, the optimal contract
and the server’s cost in the incomplete information scenario are
the same as in the complete information scenario. Moreover, we
prove that the server should incentivize one type of client with the
highest contribution-cost ratio to participate in the AFL training.
QOur simulation results demonstrate that our AFL-based contract
scheme achieves the best trade-off regarding model error and
total payment compared with the uniform FL.

I. INTRODUCTION
A. Background

Federated learning (FL) is a distributed machine learning
paradigm where a server can take advantage of edge clients’
isolated data and computation resources without acquiring
the raw data. Since the framework was proposed in 2017
[1], FL has received great attention in the past several years
and has been applied to some industries (e.g., the healthcare
sector and insurance companies) where data-sharing is highly
regulated. After many years of practice, FL has been proven
to preserve privacy without compromising model performance.
Specifically, participating clients execute local training on their
devices using their local data, after which only the local results
are sent to the server. A server functions as an aggregator,
collecting client model updates and aggregating the result
through averaging methods (such as FedAvg [1]) in each
communication round.

In classical FL settings [2], [3], the number of local updates
is configured to be the same for all clients. However, when
system heterogeneity (e.g., different storage, computation, and
communication capabilities among clients) and data hetero-
geneity exist (e.g., non-IID data) [4], [5], such a uniform-
controlled framework suffers from the straggler effect [6],
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[7], resulting in low convergence speed. Adaptive federated
learning (AFL) [8]-[12] addresses this issue by carefully con-
figuring different number of local updates across clients among
all training rounds according to their heterogeneity. Therefore,
AFL outperforms uniform FL in convergence stability and
model accuracy, especially under significant heterogeneity.

In this paper, we consider two important dimensions of
heterogeneity of clients in AFL: the computational cost and
contribution level. First, the unit computational cost (i.e.,
the energy consumption for performing each local update)
varies among clients, depending on their device efficiency
and voltage [13]. Such various computational costs require
different levels of incentives to encourage their participation.
Second, the contribution levels of clients’ local updates to
the global model are non-identical, as clients’ data may have
different correlations with the global task, or their data quality
varies. Considering the above two aspects, treating the clients
uniformly or using the same training structure may result in
low efficiency. Typically, the computational cost and contribu-
tion level are private information, as the server cannot easily
observe the clients’ computational costs and contribution levels
to the global model before training begins.

A strategic contract design is essential to incentivize clients’
participation under client heterogeneity and private informa-
tion. First, the clients might not be willing to participate in
training voluntarily without receiving sufficient compensation
for their computational costs from the server. They might not
devote enough effort (i.e., the number of local updates), thus
degrading the global model’s performance. Second, providing
incentives to clients with minimal contribution levels has
limited improvement on the model’s performance. Only by
spending compensation on those high-contributing clients can
the model performance be improved most efficiently.

Drawing upon this, we hope to answer the key question:
How should the server incentivize the clients’ participation in
AFL under client heterogeneity and private information?

B. Contributions

This work addresses the incentive mechanism between the
server and clients under private information in adaptive feder-
ated learning. Considering the private information, we apply
the contract theory [14], [15], in which the server specifies
its contract items for each type of client and lets the clients
choose a contract item that maximizes its payoff.

We summarize our primary contributions as follows.

o First incentive mechanism in AFL: Motivated by the
deficiencies caused by system and data heterogeneity, we
consider various number of local updates across clients
in AFL. To the best of our knowledge, we design the



first incentive mechanism for AFL under two-dimensional
private information regarding computational cost and
contribution level.

e Closed-form optimal contract solutions: We reduce the
high dimension of constraints by finding the necessary
and sufficient conditions of the IR and IC constraints and
derive the optimal contract in closed-form. Surprisingly,
we find that the optimal contract and cost in the incom-
plete information scenario are the same as that in the
complete information scenario. Moreover, we prove that
the server should incentivize one type of clients with the
highest contribution-cost ratio to participate in the AFL
training.

o Best trade-off between model error and total payment:
Our simulation results demonstrate that our AFL-based
contract scheme achieves the best trade-off regarding
model error and total payment compared to the uniform
FL schemes.

C. Related Work

Many federated learning studies (e.g., [16] and the refer-
ences therein) are built on top of setting a uniform number
of local updates for all clients, but the straggler effect limits
their convergences. To address this issue, adaptive federated
learning (AFL) was proposed in FedProx [8] for the first time.
It varies the number of local updates among clients and com-
munication rounds using a proximal term, which successfully
speeds up the model convergence. As a follow-up, Wang et al.
in [9], [10] presented the convergence analysis when clients
have heterogeneous number of local updates. Zhang et al. in
[11] considered the feature-partitioned AFL. Zhu et al. in [12]
investigated the problem of latency minimization in AFL.

Without sufficient compensation for training costs, clients
may not be willing to participate in the training. A lot of
existing works considered the incentive mechanism design
in federated learning through sufficiently compensating their
training costs by the server [17], [18], and applied the contract
theory when clients have private information [19], [20]. Ding
et al. [21], [22] considered contract design for incentivizing
clients with multi-dimensional private information, but they
did not optimize the number of local updates as in AFL.

To the best of our knowledge, this is the first work to con-
sider the intersection of incentive mechanism and AFL under
a private information scenario. We aim to fill this research
gap by proposing an efficient contract-based mechanism for
AFL to achieve better convergence.

The rest of the paper is organized as follows. We describe
our system model in Section II and present the analysis for
the complete information scenario in Section III. Afterward,
the incomplete information scenario is given in Section IV.
Finally, we show our simulation results in Section V and
conclude the paper in Section VI.

II. SYSTEM MODEL

In this section, we first introduce the training process in
section II-A. Then, we specify the client types in section II-B
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(1) The server provides a series of contracts ® specified for each type

(2 Clients decide to accept or decline the contract

(3 If chooses accept, the client executes local training r; ; and uploads the
local results; If chooses reject, the client will not participate in training

(@) The server aggregates the model parameters and pays p; ; to the
client accordingly

Fig. 1. Workflow of contract-based AFL

and formulate the contracts in section II-C. In the end, we
define the client’s payoff and the server’s cost in section II-D
and section II-E, respectively.

A. Training Process

As shown in Figure 1, we consider a typical federated
learning model where there is a server and N' = {1,... N}
clients. The server sends requests to all clients in Step 1, and
then clients decide whether to participate in Step 2. Suppose
all clients are willing to participate in training and they can
perform multiple rounds of local updates (e.g., using stochastic
gradient descent) using their local data and upload the local
results to the server in Step 3. In Step 4, the server coordinates
the training process and aggregates the model results from all
clients. The above steps are executed iteratively until the model
converges or the server urges to stop.

We assume that M data samples are partitioned over N
clients, with M = 3 . M, where M, = |P,| is the
number of samples on client n and P, is the sample set.
Denote w as the model parameter and the loss function on
sample (z,,y,) made with model parameter w as f,(w) =
U(xp, yp; w). Without considering the incentives, the server’s
objective F'(w) is to minimize the weighted summation of
clients’ local loss F, (w) [1] as

ZpE'Pn fp (w)
M, '

M,
minF(w)= E " F,(w), where F, (w) =
w M
neN
(D
B. Client Types

1) Two-dimensional private information: The energy cost
depends on the energy efficiency of each client’s device, and
the contribution level reflects the clients’ data quality or the
correlations with the global task, which are often unknown
to the server. Based on the unit energy costs (with I types)
and contribution levels (with J types), we classify the N
clients into I x J types with IV, ; clients in each type and
Si_1 37y Nij = N. Clients with unit cost §;,i € T =
{1,...,1I} and contribution level v;,j € J = {1,...,J} are



regarded as type-{i,j} clients. The number of local updates
;5 1s the same within each type but might vary in different
types.

2) Energy cost: Specifically, the energy cost is incurred if
clients execute local training. In general, the unit cost for one
local update is heterogeneous among clients. Based on this
metric, we classify the clients into I types and denote the
cost coefficient as 6;, ¢ € Z = {1,...,I}. Thus, the energy
consumption of type-{i,j} clients is 6,r; ;. Without loss of
generality, we sort the clients’ unit cost in ascending order
such that 6; < --- < 6.

3) Contribution level: In real applications, the contribution
level of each local update for minimizing the loss function in
equation (1) might differ in clients, so we classify clients into
J types and denote the contribution level as v;, 7 € J =
{1,...,J}. Without loss of generality, we sort the clients’
contribution level in descending order such that y; > --- >
~.7. Based on the loss bound in [10], we define the model error
for equation (1) as

1
r) = ——— :
\/Zi:l 2 =1 N g

which is a decreasing function of the contribution level ~y; and
the number of local update 7; ;.

E( 2

C. Contract Formulation

Under private information, a contract [14], [15] is an
efficient tool to distinguish different types of clients and
elicit truthful behaviors. In this work, we propose a contact-
based incentive mechanism where the server offers a series of
contracts from which clients can choose one.

Suppose client-{4, j} performs r; ; number of local updates
in all communication rounds (One communication round in-
cludes one iteration of Step 3 and Step 4 in Fig. 1). The server
can know each client’s number of local updates as they affect
the global objectives in equation (1) [10]. As shown in Step 1
in Fig. 1, the server will propose contract ® = (v, p), where
r=(ri;,VieIVjeJ)andp=(p;ViecIVjeT).
Each contract item ¢, ; = (r; j,pi;) € ®,Vi € Z,Vj € J,
maps the one-to-one effort-payment bundle between the re-
quired number of local updates r; ; > 0 for type-{i, j} clients
and the corresponding payment p; ; > 0 to type-{7, j} clients.

Before training is executed, each client should decide
whether to participate in training and which contract to choose
(Step 2 in Fig. 1). If a specific client decides to participate
in training and chooses to sign the contract ¢; ;, the client
must complete the local training with the required number of
local updates r; ; and the server will provide the corresponding
payment p; ;.

D. Client’s Payoff

Each client’s payoff is the difference between the payment
received from the server and the energy cost of executing local
training. Thus, type-{i,j} client’s payoff when choosing the
contract item ¢; ; = (75 5,pi,;) is

Ui j(0i,¢i5) = pij — birij. 3)

E. Server’s Cost

The server’s cost is given by

I
C(r,p) = a1E(r) + a2 Z ZNi,jpi,j; “4)

i=1 j=1

which consists of the summation of two terms. The first term
is the model error defined in (2). The second term is the total
payment to all types of clients. We use a; > 0 and ag > 0
to denote the server’s scaling parameters towards the model
error and the total payment.

In the following two sections, we will consider two different
information scenarios. In Section III, we consider the complete
information case, where the server knows the type of each
client. It serves as the ideal benchmark for our analysis. In Sec-
tion IV, we consider a more practical incomplete information
case, where the server only knows N; ; of each type—{i, j } but
not the exact type. To overcome the information asymmetry
and elicit truthful behaviors, the server will strategically design
the contracts for different types of clients.

III. COMPLETE INFORMATION CASE (BENCHMARK)

In the complete information case, the server knows the
specific type of each client, such that it is possible to ensure
that each type of client accepts the contract designed for its

type.
A. Problem Formulation

Though knowing the type of each client, the server still
has to ensure that each client acquires a non-negative payoff.
The characteristic of non-negative payoff is measured by the
Individual Rationality (IR) with the following definition:

Definition 1. (Individual Rationality) A type—{i,j} client
receives a non-negative payoff by accepting his designated
contract item ¢; ; = (r; j,p; ;). That is,

Ui j(0:, i) =pij — 0irij >0Vi € IV € J. (5)

In the complete information scenario, the server will min-
imize its cost considering the IR constraint for each type of
client. Thus, the server has to design the optimal contract items
by solving the following optimization problem:

Problem 1. Contract Design Under Complete Information:

min C(r,p) (62)

TP
st.r>=0,p>0, (6b)
IR Constraints in Equation (5). (6¢)

B. Analysis

Suppose that clients will participate in training as long as
they receive a non-negative payoff, we can find the relationship
between the optimal payment p; ; and 7; ; as Lemma 1.

Lemma 1. For any given number of local updates r; j, it is
optimal for the server to choose the payment as p; ; = 0;r; j,
Vi€ Z,Vj € J in Problem I.



The proof of Lemma 1 and the remaining proofs can be
found in the online appendix [23]. It shows that the server
will design a contract that gives all the clients a zero payoff.

After substituting the optimal payment p;; = 60;7; ; into
problem 1, we can reformulate the optimization problem in
the complete information scenario as

m}n Ccom("') = O[lE(T)+Ol2 Zi]:l Zj:l Nivjﬁiriyj (7)
s.t. r>0.

To acquire the optimal solution of (7), we first propose the
following Lemma 2.

Lemma 2. In the complete information scenario, the server’s
objective function Ceom, (1) in equation (7) is convex in r.

Drawing upon this, we derive the optimal contract in closed-
form in Theorem 1.

Theorem 1. The server’s optimal contract ®* = (r*,p*) in
Problem 1 is given by
N 2 2
- (2(11;911 3 * 91(2(11;)11)3
1:1 — mNia P11 = Y1N11 7 (8)

fi=0i;=0for {i,j} €T x J\{1,1}.

Proof. As Ccom(r) is a convex and differentiable function,
the optimal solution satisfies the Karush-Kuhn- Tucker (KKT)

conditions. The Lagrangian is L = )/Z +
J 1Y Ni T4
a2 Zz 12; 1 Nij0i 7%]"‘21 12 (=ri)-
Forall i € Z, j € J, the KKT condltlons are
1) Primal feasibility (PF): r* >0;
2) Dual feasibility (DF): A} ; > 0;
3) Complementary slackness (CS): Aj j(=r7;) =05
4) Stationarity:
— N = +aN; 0, — A\, =0
20720 X Ny )2 J’y d
<:>)\*:N10491 QL .
J J( 2 (251231171 %) 77)%)
Replacing A7 ; into DF and CS condition:
3 o i
1) DF: (Zz 123 17, 7J: ) > ﬁ%
2) CS: 0; — =) (—r!.)=0.
) (a2 T Zf 17J_NUT”)g)( rij)
3
As b = argmaXer jes 9 ’ (Zz 123 1N )R 2

g > gl g 7’ for {i, _]} #{1,1}.

1) For all types {i,7} # {1,1}, the first term in CS
condition is larger than 0, thus —r7, =0 = 7, = 0.
2) Given r;; =0 for {i,j} # {1,1}, for type-{1,1}:

a) If the first term in CS condition equals 0, r7; =

(Lam 2
2&291

. All conditions are satisfied.
b) If the second term in the CS condition equals 0,
the DF condition is not satisfied.
Thus, 7§, = (£2)3 /(v N1,1) and 7}, = 0, for {i,j} #

2(!291 5
1.1%. A i L 1 01(£10)5 dot . —
{1,1}. According to Lemma 1, p1 1 = SR and pf =

0, for {i,5} # {1,1}. O

Surprisingly, we find in Theorem 1 that the server will only
motivate the group of clients with the highest contribution/cost

ratio to execute more local updates, i.e., inviting N; ; clients
in type-{1, 1}. However, clients whose contribution/cost ratio
is lower than ~; /6; will not be invited to the training. This is
the most cost-efficient selection.

Corollary 1. The server’s minimum cost in the complete
information scenario is
* * 0(106291
= 3 _—
p) =3 o

The server’s minimum cost is positively related to the
scaling parameters «7, ao, and the energy cost 6, while
negatively related to the contribution level ;.

C(r ). )

Iv.

In this section, we analyze the server’s optimal contract
in the more practical incomplete information case, where the
server only knows the number of each client type (i.e. N;; ,
Vi € Z,Vj € J), but does not know the specific type.

INCOMPLETE INFORMATION CASE

A. Problem Formulation

Since the server does not know the type of a specific
client, clients might misbehave and choose a contract not
designed for their type. To elicit truthful behaviors, a desirable
contract should further satisfy the Incentive Compatibility (IC)
constraint. We give the formal definition of IC as follows.

Definition 2. (Incentive Compatibility) Every type—{i,j}
client maximizes its payoff by choosing the contract item ¢; ;
designed for his type, i.e., Vi,i' €L, 5,7 € T, {i,j} #{i', 7'},

Ui, (05, i) > Ui (05, dir jr). (10)

In the incomplete information scenario, the server will
minimize its cost under IR and IC constraints.

Problem 2. Contract Design Under Incomplete Information:

min C(r,p) (11a)
r.p

st. r>=0,p>=0, (11b)

IR Constraints in Equation (5), (11c)

IC Constraints in Equation (10). (11d)

B. Analysis

It is challenging to solve Problem 2 as it has 72.J? IR and
IC constraints. We define ® = (r, p) as a feasible contract if
it satisfies IR constraints in (11¢) and IC constraints in (11d).
In Lemma 3 below, we will find the constraints that make a
feasible contract. As the contribution weight does not affect
clients’ payoff, Lemma 3 and Lemma 4 apply to a specific
group of clients with the same contribution weight v;,j € J.
From now on, we call the clients having the same ; (or 6;)
as group y; (or 6;) clients.

Lemma 3. Under the incomplete information, a contract is
feasible if and only if the following conditions hold. For clients
within any given group v;, j € J:
1) If type-{I,j} clients receive a non-negative payoff, i.e.,
pr,; —0rrr; > 0, IR constraints hold for all i € 1.



2) Clients with lower costs should execute a larger number
of local updates and receive a higher payment, i.e.,
r,; = - 2rry = 0and prj > - > pr; > 0.

3) The payment for type—{i, j} clients lies in the following
range: piy1j + 0i(rij — riv1;) < pij < Py +
9i+1(ri7j — Ti+1}j), 1€ {1, A 7] — 1}.

As Lemma 3 presents the necessary and sufficient conditions
for the IR and IC constraints, we can further reduce the
dimension of variables by finding the relationship between the
optimal payment and the required number of local updates in
Lemma 4.

Lemma 4. Within any given group v;, given r; j, i € L,j €
J, it is optimal for the server to choose the payment for
Problem 2 as

Oiri, ifi=1,

. Ji
Pij= Oiri;+ > 100 —6-1), if i € I\{I}.
I=it1

12)

After substituting equation (12) into Problem 2, the server’s
cost function C;,(r) under the incomplete information case
can also be written as a function only depending on 7:

1 J

min Cj,(r) =y E(r) + ag( > N; ;0iri
r =1 7=1

1 13
Nyjrii(0; —6;-1)) (1)

1

%

I J
+> X
i=2j=1

l

s.t. r>0.

To acquire the optimal solution of problem (13), we first
propose the following Lemma 5.

Lemma 5. In the incomplete information scenario, the
server’s objective function Ciy,(r) in (13) is convex in .

Surprisingly, we find that although the server has no in-
formation regarding clients’ specific types in the incomplete
information case, its optimal contract is the same as the one
under the complete information case.

Theorem 2. The server’s optimal contract and cost in the in-
complete information scenario are the same as in the complete
information scenario, which are given in Equation (8) and (9).

V. SIMULATION RESULTS

In this section, we first present the experimental results
regarding the performance of our proposed contract and three
uniform FL cases in Section V-A. Then we explore the impact
of the unit cost #; and contribution weight v; on the server’s
cost and number of local updates r; ; in Section V-B.

We consider the setting with N = 1000 clients and
randomly choose the number of clients in each type N; ;,i €
I,j € J according to the uniform distribution. We set the
scaling parameters o; = 20 and 2 = 0.005. Without loss
of generality, we divide clients into 10 types or 25 types
with ) T = 2,J =5, 0 = {1,2}, v = {5,4,3,2,1}, (ii)
I =5J=2 6 ={1,23,4,5}, v = {5,4}, and (iii)

I=5J=50=1{1,234,5}, vy = {5,4,3,2,1}. Under
the AFL-based contract scheme, the server’s model error and
total payment only depend on #; and -, which are set to 1
and 5 in three settings.

A. Comparison with Uniform FL

We compare the server’s model error E(r) when having the
same total payment to clients under different schemes in the
complete information scenario. For the benchmark uniform FL
schemes, we consider that the server will incentivize all clients
to participate and contribute the same number of local updates
such that r; ; =7, Vi € Z,j € J. Then, the payment to each
client is p; ; = 6;7. Suppose the total payment is p, then the
optimal uniform number of local updates is 7" = #_&Nu
and the model error is E(7*) = (%)*%

Fig. 2 depicts the server’s model error F(r) versus the total
payment (i.e., > ;7> ez Nijpij) under different cases.
First, we observe that the model error decreases with total
payment and eventually converges to a constant value in all
cases. This is because a higher payment allows more local
updates, which results in lower errors. When the number of
local updates is large, one more local update brings a less
marginal decrease in model error.

Moreover, we observe that our AFL-based contract scheme
achieves the best trade-off in terms of model error and total
payment compared with the uniform FL schemes. This is
because our AFL-based contract scheme only selects the most
efficient clients and lets them execute as many local updates as
possible. However, uniform FL incentivizes all types of clients
to participate, including those less efficient clients whose
contribution/cost ratio is low, leading to worse performance.

B. Impact of Unit Cost and Contribution Weight

In the theoretical part, we have derived the closed-form
solution of the optimal number of local updates and the
server’s cost of the contract-based AFL schemes. In the follow-
ing simulation, we present insights regarding the underlying
reasons when changing the parameters regarding unit cost 6;
and contribution weight v, of type-{1, 1} clients.

Fig. 3 depicts the impact of unit cost #; on the optimal
number of local updates ri ; (right y-axis) and the server’s
cost C(r*, p*) (left y-axis). As 6; measures the server’s cost
of incentivizing clients’ participation, we observe that 77 ;
decreases with 6. When 6 is large, the server faces a higher
cost due to high model error.

Fig. 4 presents the impact of contribution weight ; on
the optimal number of local updates rj ;(right y-axis) and
the server’s cost C'(r*,p*) (left y-axis). We can see that the
server’s cost and the optimal number of local updates for
type—{1, 1} are decreasing functions of ;. A higher v; means
a higher unit contribution for each local update. Hence, the
server can require clients to train less local updates and reduce
the total payment. In addition, the model error is a decreasing
function of +;. As a summation of the total payment and the
model error, the server’s cost also decreases with ;.
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VI. CONCLUSION

To the best of our knowledge, this paper designs the first
incentive mechanism for adaptive federated learning under
two-dimensional private information on clients’ unit costs and
contribution levels. We designed contracts such that the server
can impose training requirements (i.e., the number of local
updates) and provide payments correspondingly to different
types of clients. Our theoretical analysis presents the closed-
form contract solutions and ensures that the cost under the
incomplete information scenario is the same as the complete
information scenario. Our simulation results demonstrate that
our proposed AFL-based contract scheme can achieve better
performance than the uniform FL. In future work, we will
consider the diminishing returns of the client’s number of local
updates on the model error and consider the heterogeneous
training capacities of clients.
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